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Abstract
In 1989 A.N. Sharkovsky asked the question which of the properties characterizing continuous
maps of the interval with zero topological entropy remain equivalent for triangular maps of the
square. The problem is difficult and only partial results are known. However, in the case of trian-
gular maps with nondecreasing fibres there are only few gaps in a classification (given by Z. Kocˇan)
of a set of 24 of these conditions. In the present paper we remove these gaps by giving an example
of a triangular map in the square with the following properties:
(1) all fibre maps are nondecreasing,
(2) all recurrent points of the map are uniformly recurrent, and
(3) the restriction of the map to the set of recurrent points has an uncountable scrambled set (and so
is Li–Yorke chaotic).
The example is obtained by taking an appropriate Floyd–Auslander minimal system and then taking
its appropriate continuous extension to a triangular map of the square.
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Floyd–Auslander minimal systems (see [3] and [1,4,10,13]) were historically the first
examples of minimal maps defined on a nonhomogeneous compact metric space. In fact,
they are minimal homeomorphisms on a compact subset of the square or the cube. These
systems are important and well known in topological dynamics—the original Floyd’s ex-
ample is included for instance in the books [2,12]. Being extensions of Cantor minimal
systems, they can potentially be used in the construction of examples of triangular (i.e.,
skew product) maps in the square. Nevertheless, it seems that this possibility has been
overlooked in the literature. The aim of this paper is to present such an application of these
systems—starting with an appropriate Floyd–Auslander system we construct a triangular
map in the square that gives a negative answer to two open problems in the topological dy-
namics of triangular maps. Before going into details let us compare one-dimensional and
triangular dynamics and recall the history of the mentioned problems.
The dynamics of continuous selfmaps of the interval is quite well understood. As an
illustration of this recall that there is a list of about 50 properties which characterize such
maps with zero topological property (see [11]). It is also well known that only few of these
properties remain equivalent for continuous selfmaps of the square which shows that the
dynamics of two-dimensional maps is much more complicated. Somewhere between one-
dimensional maps and general two-dimensional maps there are so-called triangular maps,
i.e., continuous maps of the form F(x, y) = (f (x), g(x, y)). We will consider triangular
selfmaps of the square I 2, I = [0,1], and denote the set of all such maps by C(I 2).
Thus, F ∈ C(I 2) means that F(x, y) = (f (x), gx(y)) where f : I → I is continuous
(it is called the basis map of F ) and gx , x ∈ I , is a family of continuous maps I → I
depending continuously on the parameter x . The ‘vertical’ interval Ix = {x} × I is called
the fibre over x and gx is called the fibre map in the fibre Ix (though gx is in fact defined
in I and not in Ix ).
Continuous interest in triangular maps is, among others, caused by the fact that they
display a kind of a dualism. On one hand, they are close to one-dimensional maps in
the sense that some important dynamical features extend to triangular maps. For instance,
Sharkovsky theorem holds for them (see [6]). On the other hand, they already display other
important properties which are typical for higher-dimensional maps and cannot be found
in the one-dimensional maps. For instance, there are triangular maps of type 2∞ (i.e., hav-
ing only periodic points whose periods are (all) powers of two) with positive topological
entropy (see [9]). In view of this it was quite natural that in 1989 A.N. Sharkovsky asked
the question which of the properties in the above mentioned list are equivalent in the case
of triangular maps of the square. The problem turns out to be difficult though many par-
tial results are known (see [7] and the references therein). Therefore the problem has been
considered also in the setting of triangular maps with nondecreasing fibre maps (i.e., when
all the maps gx are nondecreasing). In this setting some more implications hold among the
properties from the mentioned list than in the case of general triangular maps. On the other
hand, to find a counterexample to an implication is of course more difficult if we want that
the fibre maps be nondecreasing. In [8] Z. Kocˇan gives an almost complete classification
of 24 conditions for triangular maps with nondecreasing fibre maps. In the present paper
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need to recall some definitions.
Let (X,) be a metric space and (X;f ) be a discrete dynamical system given by the
space X and a continuous map f :X → X. A point x ∈ X is called recurrent if for any
neighborhood U of x there is a positive integer n such that f n(x) ∈ U , or, equivalently,
there is an increasing sequence of positive integers (nk) such that f nk (x) → x . A point
x ∈ I is uniformly recurrent if for any neighborhood U of x the sequence of positive inte-
gers k with f k(x) ∈ U has bounded gaps (i.e., there exists a positive integer m depending
on U such that whenever f k(x) ∈ U then f k+i (x) ∈ U for some 1 i m). Let Rec(f )
or UR(f ) denote the set of all recurrent or uniformly recurrent points of f , respectively.
A pair of points x, y is called a Li–Yorke pair if they are proximal and not asymptotic,
i.e.,
lim inf
n→∞ 
(
f n(x), f n(y)
)= 0 and lim sup
n→∞

(
f n(x), f n(y)
)
> 0.
A nondegenerate set S ⊂ I is called scrambled if every x, y ∈ S, x = y form a Li–Yorke
pair. The dynamical system (X;f ) or the map f itself is called Li–Yorke chaotic if it has
an uncountable scrambled set.
Now we are able to describe the gaps in the Kocˇan’s classification for triangular maps
with nondecreasing fibres in [8]. Among his 24 conditions (which are all equivalent for
interval maps) there are also the following ones:
(A) F |Rec(F ) has no Li–Yorke pairs,
(B) F |UR(F ) has no Li–Yorke pairs,
(C) UR(F ) = Rec(F ) .
The corresponding part of the classification looks as follows:
A
B C







 ?
 ?
Every arrow means an implication, a missing arrow means that there is no implication.
The mentioned gaps in the Kocˇan’s classification are indicated by the arrows with question
marks: Does (C) imply (A) or (B)? In the present paper we are going to show that the
answer is negative: (C) implies neither (A) nor (B). Since (A) implies (B), it is sufficient to
show that (C) does not imply (B). In fact, we prove a bit more:
Theorem 1. There exists a triangular map H ∈ C(I 2) with the following properties:
(a) H has nondecreasing fibre maps,
(b) Rec(H) = UR(H),
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vertical intervals, each of them being a maximal scrambled set of H and H has no
other scrambled sets).
Moreover, one can show that any map H with these properties has zero topological
entropy and is of type 2∞.
As far as the authors know, all (counter)examples of triangular maps are constructed
‘from scratch’—one defines a basis map and then all fibre maps. Sometimes the con-
structions are therefore difficult to read (or even one needs first to read a previous paper
by the author(s)). Instead, to prove our theorem we start with an appropriate Floyd–
Auslander minimal system (X;F). This system is Li–Yorke chaotic and minimality gives
that Rec(F ) = UR(F ) = X. The phase space X is a nonhomogeneous subset of I 2 whose
first projection is a Cantor set C. The dynamics of F on X is triangular, the basis map be-
ing so-called adding machine on C and the fibre maps being increasing. Then we carefully
extend F to a continuous triangular map G in C × I in such a way that G has nondecreas-
ing fibre maps and the set X is a global attractor for G whence Rec(G) = Rec(F ) = X.
Finally, we extend G to a continuous triangular map H in I 2 in such a way that H has
nondecreasing fibre maps and all the recurrent points of H in I 2 \ (C × I) are in fact peri-
odic. Hence H satisfies all the conditions from the theorem. The details of the construction
follow.
2. Construction
2.1. An adding machine
Let Σ4 be the set of all infinite sequences α = α0α1α2 . . . over the symbols {0,1,2,3}
(αi will be called ith digit of α). This is a compact metric space with the metric
d(α,β) =
{0, if α = β,
1
n+1 , if α = β, where n = min{i: αi = βi}.
The basis of the topology on Σ4 is formed by cylinders
[α0, . . . , αk−1] = {β ∈ Σ4: βi = αi for 0 i  k − 1},
where k ∈ N and (α0, . . . , αk−1) runs through Σk4 = {0,1,2,3}k. Topologically, Σ4 is a
Cantor set.
We will use the notation α0α1 . . .αk−1a for α ∈ Σ4 such that αi = a for all i  k. We
will also write α = akαkαk+1 . . . if α0 = · · · = αk−1 = a.
Σ4 is a compact topological group with the addition defined mod 4 from the left to the
right. It is one of so-called adding machines. For background on these topological groups
see [5]. By α+n for n ∈Nwe understand the result of adding 10 n-times to α. Analogously
we can define addition and α + n on the set Σk (k  1).4
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The inspiration for the first step of our construction comes from [3]. In this influen-
tial paper E.E. Floyd gave the first example of a nonhomogeneous compact metric space
(in fact a subset of the plane) admitting a minimal homeomorphism. Later, this important
example was studied and generalized by several authors. J. Auslander [1] found a nice geo-
metrical description of the Floyd’s construction and therefore generalizations of the Floyd’s
system deserve to be called Floyd–Auslander systems. For the most comprehensive expo-
sition, the reader is referred to [4]. We are going to describe one of the Floyd–Auslander
systems, which will be appropriate for our purposes (the original Floyd’s example would
not be appropriate).
Let K = I × I , I = [0,1]. Put K0 = [0,1/7] × [0,1/2], K1 = [4/7,5/7] × [0,1],
K2 = [2/7,3/7] × [0,1], K3 = [6/7,1] × [1/2,1]. Subrectangles K0,K1,K2,K3 form
a subdivision for K . Analogously (using similitudes) we can construct a subdivision for
each of these four rectangles, obtaining in such a way a family of 16 rectangles Kα =
Iα ×Jα, α ∈ Σ24 (see Fig. 1). Repeating this procedure we define a sequence of families of
rectangles {Kα = Iα × Jα : α ∈ Σk4 } for k = 1,2, . . . . If α ∈ Σk4 and Kα = Iα × Jα , where
Iα = [aα, bα] and Jα = [cα, dα], then the rectangles Kαi = Iαi × Jαi for i ∈ {0,1,2,3} are
given by
Iα0 = [aα, aα + ], Iα1 = [aα + 4, aα + 5], Iα2 = [aα + 2, aα + 3],
Iα3 = [aα + 6, aα + 7], where  = bα − aα7 ,
Jα0 =
[
cα,
cα + dα
2
]
, Jα1 = Jα2 = [cα, dα], Jα3 =
[
cα + dα
2
, dα
]
.
The set
X =
∞⋂
k=1
Xk, where Xk =
⋃
α∈Σk4
Kα, (2.1)
is a compact subset of the unit square. Its projection onto the first coordinate is the Cantor
subset C of I given by
C =
∞⋂
k=1
Ck, where Ck =
⋃
α∈Σk4
Iα.
Fig. 1. X2.
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metric), which to every α ∈ Σ4 assigns xα ∈ C such that {xα} =⋂∞k=1 Iα0...αk−1 . For α ∈
Σ4 put Jα =⋂∞k=1 Iα0...αk−1 . Then
X =
⋃
α∈Σ4
{xα} × Jα,
and Jα is nondegenerate if and only if α contains only finitely many digits 0 and 3. In this
case the length of Jα is
|Jα| = 2−m, where m is the number of digits equal to 0 or 3. (2.2)
Now we define a map F :X → X by
F(xα, y) =
(
xα+1, fα(y)
)
for α ∈ Σ4, y ∈ Jα, (2.3)
where fα :Jα → Jα+1 is defined in the following way:
fα(y) =


2(y − 1 + 2−lα ) if α ∈ [3lα0],
y − 1 + 2−lα if α ∈ [3lα1],
1
2 (y − 1 + 21−lα ) if α ∈ [3lα2],
0 if α = 3,
(2.4)
where lα = min{i  0: αi = 3} for α = 3.
Observe that the system (X;F) is an Auslander system in the terminology from
[4, Definition 2.1].
Recall that a dynamical system (X;F) is called minimal, if every point x ∈ X has dense
orbit (F n(x))n0. For minimal systems (X;F) we have UR(F ) = X.
Proposition 2.
(a) F :X → X is a minimal homeomorphism.
(b) F is Li–Yorke chaotic. There are uncountably many maximal scrambled sets, namely
the sets {xα} × Jα where α ∈ Σ4 is such that the interval Jα is nondegenerate.
Proof. (a) Using [4, Theorems 3.1 and 3.4] we obtain continuity and minimality of F .
Since, for every α ∈ Σ4, fα is increasing and maps Jα onto Jα+1, F is bijective.
(b) The basis map xα → xα+1 of the map F does not have any two different proximal
points (the distance of α + 1 and β + 1 is the same as the distance of α and β and Σ4 is
homeomorphic to C). Therefore any scrambled set of F is a subset of some of the ‘fibres’
{xα} × Jα . The interval Jα is nondegenerate (and so may contain a scrambled set) if and
only if α ∈ Σ4 contains only finitely many digits 0 and 3. Fix such an α. We are going to
show that the whole set {xα}×Jα is scrambled. To this end let y, y ′ ∈ Jα , y = y ′. Choosing
(ni)i1 such that ni → ∞ and α + ni ∈ [0i] for i = 1,2, . . . , we get
dist
(
Fni (xα, y),F
ni
(
xα, y
′)) diamJα+ni  12i ,
and so the points (xα, y) and (xα, y ′) are proximal. On the other hand, since α contains
only finitely many 3’s, for every sufficiently large i the sequences α + 4i and α differ only
J. Chudziak et al. / J. Math. Anal. Appl. 296 (2004) 393–402 399in the ith digit and so, by (2.2), we get |Jα+4i | |Jα|/2. From linearity of fβ for every β
we have
dist
(
F 4
i
(xα, y),F
4i (xα, y ′))= |Jα+4i ||Jα|
∣∣y − y ′∣∣ 1
2
∣∣y − y ′∣∣
and so (xα, y) and (xα, y ′) are not asymptotic. 
2.3. Extension to the whole fibres over the Cantor set
For y ∈ I and α ∈ Σ4 let yα be the point of Jα closest to y , i.e.,
yα =


y, if y ∈ Jα = [cα, dα],
cα, if y < cα,
dα, if y > dα.
Now we extend the map F given by (2.3) to the continuous map G :C×I → C×I defined
by
G(xα, y) =
(
xα+1, fα˜(yα˜)
)
, (2.5)
where
α˜ =
{
3lααlα 1, if α = 3,
3, if α = 3.
Some of the fibres of G are shown in Fig. 2.
Fig. 2. Fibres of G.
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Proof. Choose any z ∈ C × I . From (2.1) and from the compactness of Xk it follows
that the Hausdorff distance of Xk and X tends to zero if k → ∞. (Indeed, if zk ∈ Xk
and dist(zk,X)  δ > 0 for infinitely many k, then for some subsequence zkl → z ∈ X,
dist(zkl , z) δ, which gives a contradiction. In fact one can easily prove that dist(z,X)
1/7k for any z ∈ Xk .) Hence it is sufficient to prove that for any k  1 there is nk such
that Gn(z) ∈ Xk for every integer n > nk . Moreover, since from the construction of F it
follows that G(Kα ∩ (C × I)) ⊂ Kα+1 for every α ∈ Σk4 , it suffices to prove that for any
k  1 there is an nk such that Gnk+1(z) ∈ Xk .
Let z = (xα, y). Fix k  1 and let nk be such that β = α + nk ∈ [3k]. Let Gnk(z) =
(xβ, y
′). Then β + 1, β˜ + 1 ∈ [0k] and so
Gnk+1(z) = (xβ+1, fβ˜(y ′β˜)) ∈ {xβ+1} × Jβ˜+1 ⊂ I0k × J0k ⊂ Xk. 
Proposition 4.
(a) G is a continuous extension of F to C × I .
(b) Rec(G) = UR(G) = X.
(c) G|Rec(G) is Li–Yorke chaotic (it has the same scrambled sets as F ).
Proof. (a) The fact that G|X = F follows from the fact that Jα ⊂ Jα˜ for any α ∈ Σ4. To
show the continuity of G choose any z = (xα, y) ∈ C × I and any zn = (xα(n), yn) → z. If
α = 3, then for sufficiently large n we have α(n)i = αi for all i  lα , i.e., α˜(n) = α˜. Hence
G(zn) = G(xα(n), yn) → G(z) for n → ∞.
Now suppose that α = 3. Then for any k ∈ N and for sufficiently large n, α˜(n) ∈ [3k], i.e.,
G(zn) ∈ {xα(n)+1} × J0k = {xα(n)+1} × [0,2−k], so G(zn) → (xα+1,0) = (x0,0) = G(z).
(b) follows from Proposition 2(a) and Proposition 3.
(c) follows from (a), (b) and Proposition 2(b). 
2.4. Extension to the square
Now we are going to extend the continuous map G defined on C×I to a continuous map
H defined on the whole square I 2 in such a way that all the points from Rec(H) \ Rec(G)
will be uniformly recurrent, in fact periodic for H . This together with Proposition 4(b) will
give Rec(H) = UR(H).
Let us extend the map f :C → C, f (xα) = xα+1 (which is the basis map of F and G) to
a continuous map h : I → I which is affine in each of the contiguous intervals of the Cantor
set C. Then (see [11, pp. 93–95, Fig. 30]) every x ∈ I is either an eventually periodic point
of h or its trajectory {hn(x)}n1 is attracted by C. Hence the recurrent points of this map
either lie in C or are periodic and so Rec(h) = UR(h). (This is the reason why the original
Floyd’s example was not suitable for our purposes. In fact, his example was an extension of
the triadic adding machine but the triadic adding machine cannot be continuously extended
to an interval map without producing recurrent points which are not uniformly recurrent.)
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let hx(y) = fα˜(yα˜). For every x ∈ I \ C let β,γ ∈ Σ4 be such that the interval (xβ, xγ ) is
the connected component of I \ C containing x . Then we define hx : I → I by
hx(y) = (1 − λ)fβ˜ (yβ˜) + λfγ˜ (yγ˜ ), where λ =
x − xβ
xγ − xβ .
Finally we can define
H(x,y) = (h(x),hx(y)) for any x, y ∈ I. (2.6)
We are going to show that this map satisfies the properties stated in Theorem 1:
Proof of Theorem 1. To prove the continuity of H it suffices to prove that for every x ∈ I
and for every sequence (xn)n1 of elements of I converging to x , hxn uniformly converges
to hx . If x /∈ C, this is trivial. Fix an x = xα ∈ C and let (xn)n1 be a sequence of elements
in I converging to x from the left (the other case can be discussed similarly). If xα is
isolated from the left in C, the assertion again follows from (2.6). Otherwise, if α = 3, for
every β sufficiently close to α we have fβ˜ = fα˜ , so hxn = hxα for every sufficiently large n.
Finally, if α = 3, then for every integer k and xn  x3k0 we have 0 hxn  2−k . Hence hxn
uniformly converges to 0 = hxα .
(a) This is trivial.
(b) Let (x, y) be a recurrent point of H such that x /∈ C. Then x ∈ Rec(h), so x is
a periodic point of h. Let p be its period by h. Put xi = hi(x) for 0  i  p − 1 and
ϕ = hxp−1 ◦ hxp−2 ◦ · · · ◦ hx0 . Trivially y must be a recurrent point of ϕ. Since the fibre
maps of H are nondecreasing, ϕ is nondecreasing and so it has only fixed points and no
other periodic points. Then all its trajectories converge to fixed points. Hence, the fixed
points are the only recurrent points of ϕ. Thus y is a fixed point of ϕ and therefore (x, y)
is a periodic point of H .
(c) From (b) we have that H |UR(H) is an extension of F , so (c) follows from Proposi-
tion 2. 
Note added in proof
The result from this paper has independently been obtained also in Forti et al. [4].
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